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Excitations of strange bottom baryons
R. M. Woloshyn
TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada
The ground state and first excited state masses of Ωb and Ωbb baryons are calculated in lattice
QCD using dynamical 2 + 1 flavour gauge fields. A set of baryon operators employing different
combinations of smeared quark fields was used in the framework of the variational method. Results
for radial excitation energies were confirmed by carrying out a supplementary multiexponential
fitting analysis. Comparison is made with quark model calculations.
I. INTRODUCTION
The calculation of hadronic excitation energies is an
important area of activity for lattice QCD. Hadrons con-
taining both heavy and light quarks present an interest-
ing challenge since one has to deal with quarks at many
different mass scales. Recently results for radial exci-
tations of heavy-light hadrons were reviewed [1] and it
was found that in the meson sector there was reasonably
good agreement between lattice QCD simulations, quark
models and available (but still incomplete) experimental
data. However, for baryons containing a single charm
or bottom quark there seems to be a puzzle. The few
results obtained for radial excitations of S-wave singly
heavy baryons are consistently larger than quark model
values. Whereas the quark model suggests that excita-
tion energies of heavy-light baryons should be smaller
than that of heavy-light mesons the lattice results re-
viewed in [1] do not show this qualitative feature. Unfor-
tunately, experiment is unlikely to settle this issue any
time soon.
In addition to predicting that baryonic excitations are
smaller than mesonic ones, quark models also predict
that the lowest lying radial excitation of a doubly heavy
baryon should be significantly smaller than of a singly
heavy baryon (see, for example, fig. 3 in [2]). This is
due to the different excitation modes at play [2–4]. In
a singly heavy baryon the lowest lying excitation is due
to the motion of the heavy quark relative to the diquark
system formed by the light quarks. In a doubly heavy
baryon it is the excitation of the heavy quark pair that
is important. This effect is particularly pronounced for
bottom baryons. It is natural to ask if the features of the
spectrum which these quark model mechanisms predict
are reproduced in a lattice QCD simulation. This is the
theme of the present paper.
In this work we focus on the lattice simulation of spin
1/2 baryons Ωb and Ωbb. Since the valence quark con-
tent of these baryons consists only of strange and bot-
tom the values of the u and d sea quark masses are of
secondary importance. For our simulation the u and d
quarks are near physical corresponding to a pion mass
of 156(7)MeV so u, d mass extrapolation is not carried
out. Secondly, with strange quark valence content sta-
tistical fluctuations are considerably smaller than what
would have been possible if u, d valence quarks would
have been used.
The lattice setup for the present work is described in
sect. II. In sect. III the analysis method and results
are presented. The results are compared to a number of
recent quark model calculations. A summary is given in
sect. IV.
II. LATTICE SETUP
The 2+ 1 dynamical flavour gauge field configurations
used in this work were generated by the PACS-CS Col-
laboration [5] on a 324 × 64 lattice using the Iwasaki ac-
tion (β = 1.90) for the gauge field and the clover-Wilson
action for the fermions. The strange quark hopping pa-
rameter used here was 0.13666 which is slightly different
than that used by the PACS-CS Collaboration and is in
line with the value determined from earlier work on the
Ds spectrum [6]. The strange quark clover coefficient was
1.715. The gauge field ensemble had 198 configurations.
For this ensemble PACS-CS determined a lattice spacing
of a = 0.0907(13)fm.
The bottom quark was described using tadpole-
improved lattice NRQCD [7]. The Hamiltonian is the
same as used in previous calculation of bottom baryon
masses and may be found in the Appendix of ref. [8]
Terms up to order v4 were retained in the nonrelativis-
tic expansion. The b-quark bare mass was 1.945 as de-
termined in ref. [9] from tuning to S-wave bottomo-
nium. The average link in Landau gauge, estimated to be
0.8463, was used for tadpole improvement and the stabil-
ity parameter n appearing in the NRQCD Hamiltionian
was taken to be 4. As a check of the lattice NRQCD
setup the Υ - ηb mass difference was calculated with the
result 58.1(1.5)MeV in excellent agreement with the ex-
perimental value 57.9(2.4)MeV obtained using the PDG
[10] value for the Υ mass and the Belle result [11] for ηb.
The baryon operators used in our calculation take the
form
ǫabc[qTa Cγ5q
′
b]qc (1)
where for the spin 1/2 Ωb baryon q is a strange quark field
and q′ is bottom. For Ωbb, q is a bottom quark field and
q′ is strange.
The simplest operator that one can construct of the
form (1) has all quark fields at the same space-time point.
However to disentangle ground and excited state con-
tributions to correlation functions it is advantageous to
2use a variety of spatially smeared operators which will
lead to different admixtures of states in the correlators.
Successful phenomenological descriptions of baryons are
often made using a quark-diquark model which implies
strong spatial correlations among the constituents. Ide-
ally, we would like to construct lattice baryon operators
incorporating quark-quark correlations. However a us-
able scheme for doing this is not available so here inde-
pendent spatial smearing of the quark fields is carried
out.
Quark fields are smeared according to
ψ˜(x) =
∑
y
f(x− y)ψ(y) (2)
where f is a gauge field independent profile function.
Since this is not gauge covariant a gauge fixing to
Coulomb gauge is carried out on the gauge field links
prior to use. A choice for the profile f which has been
used successfully in NRQCD applications is motivated
by the shape of wavefunctions for the Coulomb potential
[12, 13]. In this work we use mostly a smearing func-
tion of the form e
− r
a0 where r is the shortest distance
between y and x in a periodic box. This will be referred
to as ground state smearing. An excited state smearing
function (an − r)e
− r
a1 ) was also considered. Since ex-
cited state smearing tends to lead to noisier correlators
this smearing was used only in a supplementary calcula-
tion.
The strange quark field was given a more spatially ex-
tended profile than the bottom quark. After some trials
the smearing parameters (in lattice units) chosen for this
work were a0 = 1.6, a1 = 3.2, an = 3.17 for the bottom
quark and a0 = 3.0, a1 = 5.5, an = 7.0 for strange.
III. ANALYSIS AND RESULTS
Lattice Euclidean-time correlation functions are typi-
cally dominated by the ground state after a fairly small
number of time steps. To extract excited state informa-
tion requires some work. The approach used here is the
so-called variational method [14–16]. A set of basis op-
erators {O} is chosen and one constructs the correlator
matrix
Cij(t = tf − ti) = 〈0|Oi(tf )O
†
j(ti)|0〉 (3)
where ti and tf denote the source and sink times. The
generalized eigenvalue problem [16] is solved for each time
step larger than some reference time t0
C(t)~w(k) = λ(k)(t)C(t0)~w
(k). (4)
Energies are extracted from the time dependence of the
eigenvalues λ and for a well chosen basis and t0 the eigen-
values of the lowest lying states are dominated by a single
exponential function.
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FIG. 1. Effective simulation energies in lattice units for the
ground and first excited state of Ωb. The horizontal lines
indicate the fit value and time range used.
For the main calculation a set of six operators with
different combinations of unsmeared (p) and ground state
smeared (g) fields is used. The operators are denoted as
ppp, ppg, gpg, pgp, pgg, ggg (5)
where the first and third letters indicate the smearing
level of q fields in eq. (1) (strange for Ωb, bottom for
Ωbb) and the second letter indicates the smearing level of
q′ field (bottom for Ωb, strange for Ωbb). Note that for
Ωb energies of both positive and negative parity states
can be extracted by choosing different components of the
relativistic operator.
For each configuration correlation functions were av-
eraged over 16 different source time positions. The gen-
eralized eigenvalue problem (4) was solved using t0 = 2.
The effective simulation energies (lattice units) for the
positive parity Ωb extracted from the eigenvalues of the
two lowest states are shown in fig. 1. The horizontal lines
show the fitted simulation energy values along with time
range used to determine them. The ground state is very
well determined. The first excited state is well separated
from the ground state and the energy can be extracted
with a reasonably small statistical uncertainty. Figure 2
shows the ground state simulation energy for Ωb(1/2
−
).
In this case only the ground state is reasonably well de-
termined.
The simulation energy results for Ωbb are plotted in fig.
3. For Ωbb only the positive parity state is available due
to the nonrelativistic treatment of the bottom quark.
The values for the fitted simulation energies are given
in table 1. The first error is statistical, the second is
an estimate of the uncertainty due to different choices of
time range to include in the fit.
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FIG. 2. Effective simulation energies in lattice units for the
ground state of the negative parity Ωb. The horizontal lines
indicate the fit value and time range used.
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FIG. 3. Effective simulation energies in lattice unitsfor the
ground and first excited state of Ωb. The horizontal lines
indicate the fit value and time range used.
To provide additional confirmation that our extraction
of excited state energies is reliable a second analysis was
done using a different method and a different set of cor-
relation functions. Since smearing at the sink usually
leads to noisier correlators than smearing at the source
a set of correlation function was constructed with source
TABLE I. Extracted simulation energies in lattice units for
the variational and multiexponential fitting methods.
State Variational Multiexponential
Ωb(1/2
+) g.s. 0.7324(50)(24) 0.7262(43)
Ωb(1/2
+) excited 0.9938(278)(10) 0.9904(329)
Ωb(1/2
−) g.s. 0.8847(99)(90) 0.8801(44)
Ωbb(1/2
+) g.s. 0.6201(29)(20) 0.6137(22)
Ωbb(1/2
+) excited 0.8267(133)(24) 0.8015(139)
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FIG. 4. Correlation functions for the positive parity Ωb along
with the result of a simultaneous four-term multiexponential
fit.
operators using combinations of fields
gpg, gpe, epe, ggg, ege (6)
where e denotes smearing with an excited state profile
and a local operator ppp at the sink. A simultaneous
constrained multiexponential fit [17] to the five correla-
tion functions was done using four terms. As in the vari-
ational analysis correlation functions were averaged over
a set of sixteen different time sources for each gauge con-
figuration. The correlation functions and fits are shown
in fig. 4 to fig. 6. The time range used for fitting was 2
to 18 for Ωb and 3 to 20 for Ωbb. The source corresponds
to t = 1. The simulation energies for the ground and first
excited states are given in table I. They are compatible
within statistical errors with the results obtained using
the correlator matrix variational method.
Since quark mass has been removed from the lattice
NRQCD Hamiltonian the simulation energies extracted
from the correlation do not give the hadron mass directly.
However, differences between simulation energies in lat-
tice units are related to mass differences by the inverse
of the lattice spacing. Our calculated mass differences
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FIG. 5. Correlation functions for the negative parity Ωb along
with the result of a simultaneous four-term multiexponential
fit.
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FIG. 6. Correlation functions for the Ωbb along with the result
of a simultaneous four-term multiexponential fit. Due to the
node in the excited state profile file function the correlator
with source smearing gpe has a negative piece and is omitted
from the plot.
∆M between the first radial excitation and the ground
state for Ωb and for Ωbb are given in table II. The three
errors shown for this work are the statistical error and
uncertainties due to fitting time range and the lattice
spacing determination. Table II also shows the calcu-
lated mass difference between the positive and negative
parity ground states of Ωb. For comparison we note that
an earlier lattice study [1] gave mass differences for Λb
and Σb of 344(105)MeV and 252(60)MeV respectively.
The PGD value for the Λb(1/2
−
) − Λb(1/2
+
) mass differ-
ence is 293(1)MeV .
One way to get the baryon mass would be to calculate
the kinetic energy as a function of momentum and deter-
mine a kinetic mass. However, this would be very time
consuming and likely would have large statistical errors.
Instead we use the fact the bottom quark bare mass was
tuned by fitting the mass of bottomonium. The simula-
tion energy of Υ can related to the mass by
MΥ = E
Υ
sim +
1
2
(ZM0 − Eshift). (7)
In (7) M0 is the bottom bare mass, Z is the mass renor-
malization factor and Eshift is an additive mass shift
that appears in lattice NRQCD [7]. These quantities are
independent of the hadron state so the combination ap-
pearing in the right hand side of (7) can be determined
using the known Υ mass and the value of EΥsim which is
calculated to be 0.2624(7). Then
MΩb = E
Ωb
sim +
1
2
(MΥ − E
Υ
sim) (8)
and
MΩbb = E
Ωbb
sim +MΥ − E
Υ
sim. (9)
The values obtained in this way are given in table II. Note
that the calculated value for the mass of the ground state
of Ωb is compatible with the experimental value [10] of
6048(3)MeV .
In table II the results from several recent quark model
calculations are also shown. The quark models have the
feature that the energy of the lowest lying radial excita-
tion of Ωbb is significantly smaller than that of Ωb. This
is due to different modes being excited as illustrated very
nicely in ref. [2] for example. The lattice results also in-
dicate a reduction of excitation energy in Ωbb compared
to Ωb but not to the same level as the quark models. A
similar effect is present in a lattice calculation done for
charm baryons [20] where, for example, radial excitation
energies of Ωc and Ωcc were found to be 626(48)(53)MeV
and 434(32)(33)MeV respectively. For comparison, the
quark model of ref. [2] gives 434MeV for Ωc and 365 for
Ωcc.
In this work, and in other lattice QCD studies where
single-bottom baryon [1] and heavy-light charm baryon
[20–22] radial excitation energies were calculated, it is a
consistent finding that lattice QCD yields excitation en-
ergies larger than quark models. In [1] it is also pointed
out that lattice QCD values for radial excitation energies
of singly-heavy baryons are generally larger or compara-
ble to the excitation energies of heavy-light mesons while
quark model baryonic excitations are found to be smaller
than those of mesons. It should also be noted that lat-
tice QCD and quark models give reasonably compatible
results for excitation energies of heavy-light mesons [1].
It is natural to ask if this work and other the lattice
calculations done to date [1, 20–22] indicate an irreconcil-
able difference with quark models for heavy-light baryon
5TABLE II. Mass differences and masses in MeV from this work and some recent quark model calculations. The errors associated
to this work are due to statistics, fitting and scale setting
This work ref. [2] ref. [3, 18] ref. [4] ref. [19]
∆M(Ωb) 569(61)(6)(8) 391 386 441 330
∆M(Ωbb) 450(29)(6)(6) 239 251 260
Ωb(1/2
−)− Ωb(1/2
+) 331(24)(19)(5) 220 275 257 241
MΩb 6038(11)(5)(18) 6081 6064 6076 6037
MΩbb 10238(6)(4)(11) 10454 10359 10447
spectroscopy. It is probably premature to conclude this
as there are still systematic effects that have not been
studied systematically. Lattice calculations have been
done in a variety of lattice setups for up and down quark
masses, including the present work where there are no
valance u,d quarks and the sea u,d quark masses are near
physical. Since the qualitative comparison of lattice sim-
ulations with quark models is the same for all setups
light quark mass extrapolation may not be a primary is-
sue. Perhaps more significantly no continuum extrapola-
tion was carried out in the lattice calculations mentioned
above. It is tempting to point to this systematic as the
source of all discrepancies. However, ground state mass
values tend to be well described by these simulations so
finite lattice spacing is not an obvious big issue.
The spatial lattice size used in the simulations dis-
cussed here ranges from 1.8 to 2.9fm. Only in [20] was
the lattice volume effect considered. For excited states,
it was difficult to see the finite volume effect due to large
statistical fluctuations. What we propose here is that
differences seen between present lattice simulations and
quark models for radial excitation energies may at the
same time be pointing to the resolution of the issue. The
lattice QCD discrepancy with quark models is seen to
be larger for singly heavy baryons than for doubly heavy
baryons. Since it is expected that singly heavy baryons
are more strongly affected by finite volume effects this
may be indicating the need for baryon simulations in
larger spatial volumes.
IV. SUMMARY
Masses for spin 1/2 Ωb and Ωbb baryons were calculated
using lattice QCD. As well, the energies of lowest lying
radial excitations were computed. At present, there is
no experimental information about radial excitations in
heavy-light baryons so comparison is made to quark mod-
els. Quark models have the interesting feature that the
radial excitation energies in doubly-heavy baryons are
significantly smaller than for singly-heavy baryons. This
is particularly evident for bottom baryons. This effect
is seen in the present calculation but not to the extent
predicted by quark models.
Summarizing the comparison of this work and a num-
ber of other lattice QCD calculations [1, 20–22] for heavy-
light baryons with quark model results one notes that ex-
citation energies are consistently larger in the lattice cal-
culations. This is particularly evident for charm baryons
[20, 21]. However, it is probably premature to conclude
that lattice QCD and quark models predict very different
heavy-light baryon spectroscopy since systematic effects
in the lattice simulations still have not been explored
fully. The largest discrepancy between lattice simula-
tions and quark models occurs for single charm baryons
(See ref. [1]) and decreases for double charm and bottom
baryons. It is suggested that this pattern maybe due to
finite lattice volume effects.
We hope that this work will provide motivation for
further studies of heavy-light baryons to fill in the gaps
in lattice QCD simulations and in experimental informa-
tion.
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